Abstract. We consider closed topological 4-manifolds M with universal cover S 2 × S 2 and Euler characteristic χ(M ) = 1. All such manifolds with π = π 1 (M ) ∼ = Z/4 are homotopy equivalent. In this case, we show that there are four homeomorphism types, and propose a candidate for a smooth example which is not homeomorphic to the geometric quotient. If π ∼ = (Z/2) 2 , we show that there are three homotopy types (and between 6 and 24 homeomorphism types).
Introduction
The goal of this paper is to characterize 4-manifolds with universal cover S 2 × S 2 up to homeomorphism in terms of standard invariants, continuing the program of [8, Chapter 12] . A 4-manifold M has universal covering space M ∼ = S 2 × S 2 if and only if π = π 1 (M) is finite, χ(M)|π| = 4 and its Wu class v 2 (M) is in the image of H 2 (π; F 2 ). There are eight such manifolds which are geometric quotients, with π acting through a subgroup of Isom(S 2 × S 2 ) = (O(3) × O(3)) ⋊ Z/2. We first recall that closed topological manifolds with π 1 (M) = 1 or π 1 (M) = Z/2 have already been classified (without assumption on the universal convering):
(i) If |π| ≤ 2, and M is orientable, then M is classified up to homeomorphism by its intersection form on H 2 (M; Z)/T ors, w 2 (M) and the Kirby-Siebenmann invariant (see Freedman [2] for π = 1, and [5, Theorem C] for π = Z/2). (ii) If π = Z/2, and M is non-orientable, then M is classified up to homeomorphism by explicit invariants (see [7, Theorem 2] ), and a complete list of such manifolds is given in [7, Theorem 3] .
If we further impose the condition that M = S 2 × S 2 , then there are two orientable geometric Z/2-quotients, namely the 2-sphere bundles S(η ⊕ 2ǫ) and S(3η) over RP 2 , where η is the canonical line bundle over RP 2 . The second manifold is non-spin and has a non-smoothable homotopy equivalent "twin" * M with KS = 0.
In the non-orientable case, there are two geometric quotients: S 2 ×RP 2 and S 2× RP 2 = S(2η ⊕ ǫ), and one further smooth manifold RP 4 ♯ S 1 RP 4 obtained by removing a tubular neighbourhood of RP 1 ⊂ RP 4 , and gluing the complements together along the boundary. Each of these has a homotopy equivalent twin * M with KS = 0, so there are six such non-orientable manifolds.
Date: December 12, 2017. 2010 Mathematics Subject Classification. 57N13. This research was partially supported by an NSERC Discovery Grant.
We now assume that |π| = 4, which implies that any quotient M of S 2 × S 2 is nonorientable and χ(M) = 1. If π = Z/4, there is just one geometric quotient M obtained by the free action generated by (u, v) → (−v, u), for (u, v) ∈ S 2 × S 2 .
Theorem A. Let N be a closed topological 4-manifold with N = S 2 × S 2 .
(i) If π 1 (N) = Z/4, then N is homotopy equivalent to the unique geometric quotient M.
(ii) Every self-homotopy equivalence of M is homotopic to a self-homeomorphism. (iii) There are four such manifolds up to homeomorphism, of which exactly two have non-trivial Kirby-Siebenmann invariant.
Remark 1.
1. An analysis of one construction of the geometric example M leads to the construction of another smooth 4-manifold in this homotopy type, which may not be homeomorphic to the geometric manifold.
Remark 1.2. If π has order 2 or 4 then W h(π) = 0 and the natural homomorphism from L 4 (1) to L 4 (π, −) is trivial (see Wall [17] ). Thus if M is non-orientable we may surger the normal map M#E 8 → M#S 4 = M to obtain a twin: there is a homotopy equivalent 4-manifold * M with the opposite Kirby-Siebenmann invariant. On the other hand, when |π| = 4 the mod 2 Hurewicz homomorphism is trivial. Hence pinch maps have trivial normal invariant, so do not provide "fake" self homotopy equivalences (see [1, p. 420 
]).
In the remaining cases, where π = Z/2 × Z/2, we classify the homotopy types.
Theorem B. There are two quadratic 2-types of P D 4 -complexes X with χ(X) = 1 and π 1 (X) ∼ = Z/2 × Z/2, and seven homotopy types in all.
(i) All such complexes have universal cover homotopy equivalent to S 2 × S 2 . (ii) The two quadratic 2-types are represented by the total spaces of the two RP 2 -bundles over RP 2 . (iii) A third homotopy type includes a smooth manifold N with RP 4 # S 1 RP 4 as a double cover. (iv) The remaining four homotopy types do not include closed manifolds.
The statement about the quadratic 2-types was proved in [8, Chapter 12, §6] . The homeomorphism classification appears difficult: all we can say at this stage is that in each case the TOP structure set has 8 members, so that there are between 6 and 24 homeomorphism types of such manifolds, of which half are not stably smoothable. To resolve this ambiguity, more information is needed about self-homotopy equivalences.
Here is an outline of the paper. After some preliminary homotopy theoretic remarks in §2, we review the constructions of the non-orientable smoothable quotients of S 2 × S 2 with π = Z/2 (see § §3 -5). In §6 we show that there are four homeomorphism types with π ∼ = Z/4, and in §7 we construct a smooth example which may not be homeomorphic to the geometric quotient. In §8 we construct a new smooth 4-manifold N in the quadratic homotopy type of the bundle space RP
2×

RP
2 , but distinguished from it by its non-orientable double covers (see Definition 8.1). In particular, N is not a geometric quotient. In §9 and §10 we show that there are no other homotopy types of 4-manifolds with π ∼ = Z/2 × Z/2 and χ = 1. In §11 we estimate the size of the group of homotopy classes of based self-equivalences of RP 2 × RP 2 , and show in §12 that the strategy of §7 does not extend easily to provide a candidate for a smooth fake RP 2 × RP 2 . A final §13 provides an alternate approach to Theorem A via a stable homeomorphism classification result. 
some general results
Let X be a connected cell complex with fundamental group π, and let G # (X) be the group of based self homotopy equivalences of X which induce the identity on all homotopy groups. Let P n (X) be the nth stage of the Postnikov tower for X. This may be constructed by adjoining cells of dimension ≥ n + 2 to X. Then G # (P 2 (X)) ∼ = H 2 (π; π 2 (X)), and there are exact sequences
for n > 2, by Tsukiyama [16, Theorem 2.2 and Proposition 1.5], respectively. The image on the right is the subgroup which stabilizes
In particular, if H k (P k−1 (X); π k (X)) = 0 for 2 ≤ k ≤ n then self homotopy equivalences of P n (X) are detected by their actions on the homotopy groups.
If X is a P D 4 -complex such that π is finite then any based self-homotopy equivalence of X lifts to a based self-homotopy equivalence of the 1-connected P D 4 -complex X. Hence if also π 2 (X) = 0 then that any based self-homotopy equivalence of X which induces the identity on π and π 2 (X) is in G # (X), by [ Thus the cardinality of this subgroup is an upper bound for the number of homotopy types within the quadratic 2-type. The ring homomorphism H * (X; F 2 ) → H * (X (3) ; F 2 ) induced by the inclusion of the 3-skeleton is an isomorphism in degrees ≤ 3.
Since π i (G/T OP ) = 0 in all odd dimensions and the first significant k-invariant of G/T OP is 0, there is a 6-connected map G/T OP → K(Z/2, 1) × K(Z, 4) (see [11, §2] ). Hence if X is a closed 4-manifold then
In these low dimensions, Poincaré duality with L-theory coefficients
on the left-hand side agrees with ordinary Poincaré duality on the right-hand side. This
, where w = w 1 (X). Kim, Kojima and Raymond [10] defined a Z/4-valued quadratic function q KKR (M) on π 2 (M) ⊗ Z/2, for M a closed non-orientable 4-manifold, by the rule
where S x : S 2 → M is a self-transverse immersion representing x, e(ν(S x )) is the Euler number of the normal bundle and Self(S x ) is the set of double points of the image of S x . This is an enhancement of the mod 2 equivariant intersection pairing on M , and is a homotopy invariant for M.
We introduce some notation for later use. Let A be the antipodal involution of S 2 , and let η : S
where R π is rotation of S 2 through π radians. We shall view S 2 as the purely imaginary quaternions of length 1. The antipodal map is then multiplication by −1, and we may identify R π with conjugation by ±k, i.e., rotation about the k axis. Composition of the double covering of RP 2 with the projection of S 2 × S 2 onto its first factor induces the S 2 -bundle projection DE → RP 2 . The space DE is also the total space of an orbifold bundle with general fibre S 2 over the orbifold S(2, 2) (the double of D (2)). We may construct a different 4-manifold by identifying two copies of E via a diffeomorphism of their boundaries which does not extend across E. The action of conjugation by e πit on S 2 is rotation through 2πt radians about the i-axis.
Definition 4.1. Let E 1 and E 2 be two copies of E, and let ξ :
We define
Note that e πit is a square root for x = e 2πit . This "twist map" ξ does not extend to a homeomorphism from E 1 to E 2 (see [9, Corollary 2.2] ).
This manifold is the total space of an orbifold bundle with regular fibre S 2 over S(2, 2). The exceptional fibres are the cores RP 2 of the copies of E, and each has self-intersection 1. Hence v 2 (RP 4 # S 1 RP 4 ) = 0. We shall show in the next section that RP 4 # S 1 RP 4 is not homotopy equivalent to a bundle space [10] , and hence it is not geometric.
The universal cover of RP
This lift is isotopic to the identity, and so E 1 ∪ξ E 2 ∼ = S 2 × S 2 . We may make this explicit as follows. Let P (r, x) = sin( π 2 r)x + cos( π 2 r)j, for 0 ≤ r ≤ 1 and x ∈ S 1 . Then P (0, x) = j and P (1, x) = x, for all x = e 2πit ∈ S 1 . Write the second factor of S 2 × S 2 as the union of two hemispheres
Here we identify D + with D 2 , and then R π corresponds to multiplication by −1. Then the function H :
distinguishing the homotopy types
We shall follow [10] in using the mod 2 intersection pairing (in the guise of v 2 ) and the invariant q KKR to show that RP 4 # S 1 RP 4 is not homotopy equivalent to either of the S 2 -bundle spaces. As our construction of RP 4 # S 1 RP 4 differs slightly from that of [10] , we shall give details of the geometric computation of q KKR for these manifolds.
Let
, and let x, y ∈ π 2 (M) be the classes corresponding to the first and second factors of S 2 × S 2 . Then x + y corresponds to the diagonal. In each case x is represented by the (general) fibres of the (orbifold) bundle projections to RP 2 , S(2, 2) and S(2, 2), respectively, which are embedded with trivial normal bundle, and so q KKR (M)(x) = 0, while the normal Euler number of the diagonal is ±2.
Let f : S 2 → S 2 be the map which folds one hemisphere onto another, and let g : S 2 → RP 2 be the 2-fold cover. The 2-sphere {(f (s), s)|s ∈ S 2 } represents y, and has trivial normal bundle, since f is null homotopic. Its image in S 2 ×RP 2 has a single double point, and so q KKR (S 2 × RP 2 )(y) ≡ 2 (mod 4). The graph Γ g ⊂ S 2 × RP 2 is an embedded 2-sphere which lifts to the diagonal embedding in S 2 × S 2 . Since there are no self inter-
In S
2×
RP 2 the fibre of the bundle projection to RP 2 represents y. Hence
The image of the diagonal has a circle of self-intersections. However id S 2 is isotopic to a self-homeomorphism of S 2 which is the identity on one hemisphere and moves the equator off itself in the other hemisphere. Hence the diagonal embedding is isotopic to an embedding whose image has just one self-intersection. Hence q KKR (S 2× RP 2 )(x + y) = 0 also, and so q KKR (S 
On using the explicit formula for
given at the end of §3, we see that we must have cos(πr) = 0 and cos(2πt) = 0. Thus there are just two possibilities for s, differing by the rotation R π . We may check that the double point is transverse. Hence | Self(S y )| = 1. Since {j} × S 2 has trivial normal bundle in 6. 4-manifolds with π ∼ = Z/4 and χ = 1
Let s →s be reflection across the equator S 1 ⊂ S 2 , and fix a basepoint e =ē on the equator. We shall take (e, e) and [e, e] as basepoints for S 2 ×S 2 and M, respectively. Let
and χ(X) = 1 is homotopy equivalent to M (see [8, Chapter 12 , §5]).
Proof. The group π = Z/4 acts on Π = Z 2 via (
2 via swapping the summands. The Hopf maps corresponding to the factors of M generate π 3 (M) ∼ = Z 2 . Hence π = Z/4 acts on π 3 (M) via ( 0 1 1 0 ). Simple calculations using the standard periodic resolution of the augmentation module
and H 2k (π; Π) = H 2k−1 (π; π 3 (M)) = 0, for all k > 0. The homotopy fibre of the classifying map from P 2 (M) to K(π, 1) is K(Π, 2). Since K(Π, 2) has no cohomology in odd degrees, while
2 , all the terms with p + q odd in the Leray-Serre spectral sequence
are 0. Hence the spectral sequence collapses, so H 3 (P 2 (M); π 3 (M)) = 0 and
where T has order 4. Therefore
We may assume that P 3 (M) has a single 5-cell, attached along a map which factors through one of the S 2 factors of M . Therefore the connecting homomorphism
is zero, and restriction from
by Poincaré duality, we see that G # (P 4 (M)) has order at most 2. Self homotopy equivalences of M extend to self-homotopy equivalences of P j (M), for all j > 0. Conversely, if j ≥ 3 then every self-map f of P j (M) restricts to a self-map of M, by cellular approximation, and if f is a self-homotopy equivalence then so is the restriction, by duality in the universal cover M = S 2 × S 2 and the Whitehead theorems. Moreover, if j ≥ 4 then homotopies of self maps of P j (M) restrict to homotopies of self-maps of M.
, and so has order ≤ 2. Proof. The map h induces the identity on all homotopy groups, since
, for all k ≥ 2. Let P j (h) be the extension of h to a self-homotopy equivalence of P j (M). Since P 3 (h) induces the identity on π, Π and π 3 (M), there is a homotopy H t from P 3 (h) to the identity, by the exact sequences and main result of Tsukiyama [16, Theorem 1] .
We may assume that
Thus h| Mo ∼ j o , and so we may assume that h| Mo = j o , by the homotopy extension property. We then see that h is a pinch map: Proof. The normal invariant map in the surgery exact sequence We do not know whether * M ′ admits a smooth structure (see the next section for a candidate). In general, the normal invariant is an invariant of a map. However, in this case the normal invariant and the Kirby-Siebenmann invariant distinguish homeomorphism types completely.
A smooth fake version of M ?
In this section we construct another smooth manifold M ′′ with π 1 (M ′′ ) = Z/4, which is homotopy equivalent to the geometric quotient M. At present we are not able to determine whether M ′′ is homeomorphic to M or to * M ′ .
We may isotope ∆ to a nearby sphere which meets ∆ transversely in two points, by rotating the first factor, and so ∆ has self-intersection ±2. The diagonal is invariant under σ 2 , and so δ = ∆/ σ 2 ∼ = RP 2 embeds in M + with an orientable regular neighbourhood. Since σ(∆) ∩ ∆ = ∅ this also embeds in M. We shall see that the complementary region also has a simple description.
We shall identify S 3 with the unit quaternions H 1 , and view S 2 as the unit sphere in the space of purely imaginary quaternions. The standard inner product on the latter space is given by v • w = Re(vw), for v, w purely imaginary quaternions. Let
Then C 1 = ∆ and C −1 = σ(∆), while C x ∼ = C 0 for all |x| < 1. The map f : S 3 → C 0 given by f (q) = (qiq −1 , qjq −1 ) for all q ∈ S 3 is a 2-fold covering projection, and so C 0 ∼ = RP 3 . It is easily seen that N = ∪ x≥ε C x and σ(N) are regular neighbourhoods of ∆ and σ(∆), respectively, while
In particular, N and σ(N) are each homeomorphic to the total space of the unit disc bundle in T S 2 , and ∂N ∼ = C 0 ∼ = RP 3 . The subsets C x are invariant under σ 2 . Hence N(δ) = N/ σ 2 is the total space of the tangent disc bundle of RP 2 . In particular, ∂N(δ) ∼ = L(4, 1) and δ represents the nonzero element of H 2 (M; F 2 ), since it has self-intersection 1 in F 2 .
Remark 7.1. It is not hard to show that any embedded surface representing the nonzero element of H 2 (M; F 2 ) is non-orientable but lifts to M + , and so has an orientable regular neighbourhood.
We also see that
(1 + k)) = σ(f (q)), the map σ : S 3 → S 3 defined by right multiplication by We now consider the remaining cases, where π ∼ = (Z/2) 2 . As mentioned in the Introduction, there are two geometric quotients, namely RP 2 × RP 2 and the non-trivial bundle RP 2× RP 2 . In this section, we will construct a third smooth manifold N homotopy equivalent to RP
2×
RP
2 , but which is not a geometric quotient. By [8, Chapter 12, §6] , there are two equivalence classes of quadratic 2-types realized by P D 4 -complexes X with universal cover X ≃ S 2 × S 2 and
Let {t * , u * } be the dual basis for H 1 (π; F 2 ). If X is a P D 4 -complex with π 1 (X) ∼ = π and χ(X) = 1, then we may assume that v 1 (X) = t * + u * and v 2 (X) is either t * u * or t * u * + (u * ) 2 . This is an easy consequence of Poincaré duality with coefficients F 2 and the Wu formulas.
Let X + denote the orientation double cover of X. We shall see below that N is in the quadratic 2-type of RP
2×
RP
2 . Let F + be the lift of F to the universal cover of RP 4 # S 1 RP 4 . Then the orientable double cover of N is
, where R is reflection across the equator, and so this double cover is the S 2 -bundle space over RP 2 which is a spin manifold. A similar argument shows that the other non-orientable double cover is RP 2 × S 2 . Thus N is not homotopy equivalent to a bundle space. Nor is it homotopy equivalent to the total space of an orbifold bundle over a 2-orbifold: indeed, any such bundle would have general fibre RP 2 , and so the total space would be foliated by copies of RP 2 . Hence the base orbifold would have no singular points.
the quadratic 2-type of RP
be the inclusions of the factors, and let [J] be the homotopy class of a fixed lift J :
is generated by I 1 and I 2 , and
as a Λ-module, Λ = Z[π] denotes the integral group ring. The Hurewicz homomorphism h :
is surjective, with kernel the image of Γ W (Π), generated by Whitehead products and composites with η. Then h([J]) generates H 3 ( K; Z) as a Λ-module, and
The elements
, and the torsion subgroup is generated by the images of η 1 and η 2 . Since the k-invariant is symmetric under the involution which interchanges the summands of Π, there are three homotopy types of P D 4 -complexes X α = K ∪ [J]+α e 4 in this quadratic 2-type, represented by α = 0, η 1 and η 1 + η 2 .
As above, let {t * , u * } be the basis of H 1 (π; F 2 ) dual to {t, u}. Let X t α and X u α be the covering spaces associated to the subgroups t = Ker(u * ) and u = Ker(t * ) of π, respectively. Since the homomorphisms H * (X α ; F 2 ) → H * (K; F 2 ) are isomorphisms in degrees ≤ 3 and (t
, for all α. It follows easily from the nonsingularity of Poincaré duality that the rings H * (X α ; F 2 ) are all isomorphic. In particular,
We shall adapt the argument of [3, §3] to show that if α = 0 then X α is not homotopy equivalent to a closed 4-manifold.
2 and χ(M) = 1, and such that
Proof. Our hypotheses imply that M is in the quadratic 2-type of RP 2 × RP 2 , and so 
, and let b be the image ofb in H 2 (X u α ; F 2 ). The 3-skeleton of X u α is K u , and so the covering transformation t acts on H 2 (X u α ; F 2 ) via the identity. Hence the quadratic form q used in [3] in computing the Arf invariant A(X α , f ) of the covering X u α → X α is an enhancement of the ordinary cup product. The pair {a, b} is a symplectic basis with respect to the cup product, and q(a) = 1, by the argument of [3] . Since (u Corollary 9.2. There is exactly one homotopy type for a closed manifold in the quadratic 2-type of RP 2 × RP 2 .
The inclusion 
2 and χ(M) = 1, and such that x 4 = 0 for some
Proof. We shall adapt the proof of Theorem 9.1, again based on the arguments of [3] . In this case M must be in the quadratic 2-type of RP 2× RP 2 , and so
The double covering space M t is homotopy equivalent to RP 2 × S 2 . As in Theorem 9.1, the covering automorphism induces the identity on 
RP
2 and N may be distinguished by their (non-orientable) double covers. However, in general we do not know which of the P D 4 -complexes W α of §3 are double covers of the P D 4 -complexes X β or Y γ of §8 or §9.
self homotopy equivalences
The standard cellular decomposition of RP In each case, S T OP (M) has 8 elements, half of which have domains with nontrivial Kirby-Siebenmann invariant, and so the image of Homeo(M) in the group of (free homotopy classes of) self homotopy equivalences of M has index at most 4. However, whether every self homotopy equivalence of M is homotopic to a homeomorphism remains open. To make further progress we need explicit representatives for the self homotopy equivalences.
reconstructing RP
Arguments similar to those of §7 show that ′′ by another such mapping cylinder. It is tempting to consider instead replacing the unit tangent disc bundle N(δ) by another disc bundle over RP 2 , with Euler class k times the generator of H 2 (RP 2 ; Z w ) ∼ = Z and total space N k . Then ∂N k is a prism manifold with fundamental group of order 2k. This double covers another prism manifold, and so we may adjoin a mapping cylinder, to get a closed nonorientable 4-manifold M k with χ(M k ) = 1 and π 1 (M k ) ∼ = (Z/2) 2 . Unfortunately this construction gives nothing new, for RP 2 × RP 2 is the union of such a disc bundle and the corresponding mapping cylinder, for any k ≥ 1! Let f k (z) = z k , for z ∈ C = S 2 , and let f 2 , acting on S 2 × S 2 in the standard way. Therefore their images in RP 2 × RP 2 coincide, and are diffeomorphic to RP 2 . Since the graph of f k has self-intersection number 2k, tubular neighbourhoods of this copy of RP 2 are diffeomorphic to N k . It is straightforward to check that the homomorphism induced by the double cover maps H 2 (RP 2 ; Z w ) onto 2H 2 (S 2 ; Z). As in §4, the complementary region is a mapping cylinder of the type proposed above. Proof. The calculations above, and the theory of [12, §4] , show that there are 4 distinct stable homeomorphism classes. However the structure set S T OP (M) has 4 elements, so there can be no non-trivial self-homotopy equivalences. If follows that the choice of a homotopy equivalence f : M ′ → M is unique up to homotopy. Hence the reduced normal invariantη(M ′ ) ∈ H 2 (π; Z/2) is a well-defined invariant of M ′ .
Stable classification
